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Abstract. We reconsider the possibility of a class of new kinetic terms in the first 
order (vielbein) formulation of massive gravity and multi-gravity. We hnd that new 
degrees of freedom emerge which are not associated with the Boulware-Deser ghost and 
are intrinsic to the vielbein formulation. These new degrees of freedom are associated 
with the Lorentz transformations which encode the additional variables contained in 
the vielbein over the metric. Although they are not guaranteed to be ghostly, they are 
nevertheless inhnitely strongly coupled on Minkowski spacetime and are not part of the 
spin-2 multiplet. Hence their existence implies the uniqueness of the Einstein-Hilbert 
term as the kinetic term for a massive graviton. 
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1 Overview 

The dynamics of a Lorentz Invariant massless spin 2 particle are remarkably con¬ 
strained. Attempting to build a theory of an interacting massless spin 2 particle, one 
is led uniquely (up to second order in derivatives) to the Einstein-Hilbert action plus a 
cosmological constant [1-5]. At higher order in derivatives, insisting that there are no 
new propagating degrees of freedom one is lead to the special Lovelock combinations 
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[6-8]. Remarkably some of these restrictions survive under a weaker set of assump¬ 
tions. For example, without assuming Lorentz invariance (while maintaining space 
diffs), demanding ghost-freedom or more precisely only 2 propagating modes, one is 
led inevitably back to the Einstein-Hilbert action [9, 10]. 

Recently there has been renewed interest in Lorentz-invariant massive gravity, 
which has recently found a ghost-free formulation [11-17]. For recent reviews see 
[18, 19]. The question arises, if by including a mass, we relax the assumption of a 
massless spin-2 particle, are we able to build new consistent derivative interactions? 
An affirmative answer to this question would have several important consequences. 
First, new ghost-free kinetic interactions, if they exist, should be included in the La- 
grangian on general effective held theory grounds. Second, new kinetic terms could 
potentially allow for new cosmological solutions or different phenomenology. 

The existence of potentially new derivative interactions [20-22] are also related to 
the existence of potentially new matter couplings studied recently [23-27]. Coupling 
matter to a composite vielbein or metric, is equivalent under a held redehnition to a 
minimal coupling of matter to the vielbein/metric with a non-standard kinetic term. 
Recently it was suggested that no new degrees of freedom arise nonlinearly if matter 
couples to the composite vielbein e+af [26]. If correct, this would imply, by performing 
the held redehnition e ^ e — af, that the following hrst order kinetic terms are ghost- 
free 



( 1 . 1 ) 


when matter is minimally coupled to gravity. However in [28] it is shown that this case 
is excluded due to the re-emergence of the BD ghost. 

General Relativity (GR) and massive (multi-)gravity can be formulated in both 
the metric and vielbein language [29-31]. In the vielbein the basic variables are and 
the spin connection There are two diherent formalisms: in second-order form, the 
spin connection is considered to be a known function of the vielbein, u = uj{e) (much 
like using the Ghristohel connection in GR). In hrst order form, the spin connection is 
considered an independent variable with its own equation of motion (analogous to the 
Palatini formalism in GR). 

For GR and for ghost-free massive gravity, these formalisms (metric and hrst- 
and second- order vielbein) are all equivalent. However, in order to show the equiv¬ 
alence between the metric and vielbein formalisms, it is necessary to integrate out 
the additional variables encoded in the vielbein. In four dimensions, there are 6 ad¬ 
ditional variables which are encoded in the parameters of a Lorentz transformation. 
In standard massive gravity, these variables enter as non-dynamical auxiliary vari¬ 
ables whose equations of motion impose the so-called symmetric vielbein (Deser-Van 
Nieuwenhuizen) condition [32-34]. This is most easily derived by introducing Lorentz 
Stiickelberg helds [35] and deriving their equations of motion. The structure of these 
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equations factors, as follows (see appendix A for more details) 

(Mass parameter dependent term) x (Symmetric vielbein condition) = 0, (1-2) 

where the symmetric vielbein condition is A /^ = 0. If one modihes the kinetic 
structure then one modihes the equations for the Lorentz transformations (Lorentz 
Stiickelberg helds), and thus the symmetric vielbein conditon no longer holds. This 
alters the map between the vielbein and metric formalisms. This does not preclude the 
possibility of integrating out the additional variables to return to a metric formulation, 
but rather it implies is that it is no longer guaranteed that second order equations of 
motion for the vielbein imply second order equations for the metric and indeed this is 
one way to anticipate the problems we shall hnd. 

In [36, 37], it was shown in hrst order form that a set of related interactions in 
three dimensions contained a Boulware-Deser ghost. In what follows we shall extend 
the previous analyses by showing in four dimensions in hrst order form that the new 
kinetic terms inevitably lead to additional degrees of freedom. 

In fact, in hrst order form a qualitatively new problem can arise. In massive 
gravity, the standard problem is the Boulware-Deser (BD) ghost [38], see also [39, 40]. 
In the Stuckelberg language [41, 42], the problem can be understood as follows. After 
restoring general covariance by introducing the four Stuckelberg helds one needs 
to see how many of the 0“ are dynamical helds. If all four Stuckelberg helds become 
dynamical, the fourth will correspond to a BD mode. It will be inhnitely strongly cou¬ 
pled around hat space (since if its kinetic term is present on hat space it is inevitably 
ghostly [43]). 

For new kinetic interactions in four dimensions expressed in the vielbein, new 
degrees of freedom beyond the BD ghost can emerge. In the vielbein language, we need 
to restore not just general covariance through the 0“ Stuckelberg helds, but also Local 
Lorentz invariance by introducing Lorentz Stuckelberg helds A. In vielbein form, the 
new danger that has no direct analogue in the metric formulation corresponds to giving 
kinetic terms to the Lorentz Stuckelberg helds, since A is introduced with derivatives 
through the spin connection 


u^A ^wA-I-A ^dA. (1.3) 

This problem is compounded because there are a number of auxiliary helds in hrst 
order form. In four dimensions, there are 24 components of the spin connection 0 ;“^, 
but only 16 components of the vielbein e^“. This mismatch leads, in GR, to the need 
to integrate out several of the spin connection components to put the Hamiltonian in 
a canonical form. As we will see, GR is special in that it allows this procedure to be 
carried out without causing any of these auxiliary helds to become dynamical. 

The obstructions to new kinetic terms in hrst order form go as follows: 
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• First, if there existed new healthy kinetic terms in hrst order form withont any 
new degrees of freedom beyond that already present in massive gravity (or bi- or 
mnlti-gravity), there shonld also be a healthy metric formulation since it should 
always be possible to integrate out or gauge £x all the additional degrees of free¬ 
dom in the first order vielbein formalism. However in the metric language it has 
already been shown that no new kinetic terms could exist without introducing a 
ghost [44], (see also [27] for further details). Because there is no metric formula¬ 
tion, there will always be an obstruction in converting the vielbein language to 
the metric language. As we will see below, this will take the form of new degrees 
of freedom. 

• Even in the absence of coupling to matter, generically some number of the 6 
Lorentz Stiickelberg degrees of freedom become dynamical. Hence this is a new 
problem, independent of the BD ghost. In unitary gauge the problem may be 
equivalently stated that the usual non-dynamical symmetric vierbein condition 
which removes these 6 degrees of freedom no longer holds, and gets replaced by a 
dynamical equation for some number of the 6 degrees of freedom. This problem 
is not visible in previous analyses. In the metric language in four dimensions 
considered in [44], the closest analogue is that the lapse and shift can appear 
with time derivatives. In the hrst order form in three dimensions considered in 
[36], there are no auxiliary helds, and so there is only the standard BD ghost 
problem. 

For the purposes of exposition we shall focus our consideration on the case of 
massive gravity with a Minkowski reference vielbein /“. However all of our arguments 
will extend to the multi-gravity case, and since the massive gravity case is a clear 
decoupling limit of the multi-gravity then the absence of new kinetic terms in this 
limit is sufficient to rule out their existence in multi-gravity. Regardless, the problems 
we hud with additional degrees of freedom can be translated almost verbatim to the 
general multi-gravity case. 

We will focus on a particular well motivated kind of kinetic interaction 

J SabcdRicor” A (e'^ A e'^ + 2re'= A /" + (r^ + n)r A f) , (1.4) 

where i?[a;]“^ is the curvature two-form. For k = 0, in the absence of coupling to 
matter, this is held redehnable to the Einstein-Hilbert term by e ^ e — r/. Thus 
in the absence of matter, we expect any problem to be associated with k ^ 0. This 
simple structure has many nice properties. They can be seen to arise from dimensional 
deconstruction [45] by choosing diherent procedures for discretizing the continuum ac¬ 
tion. The form structure guarantees the linearity of the Hamiltonian in the lapse and 
shift at least before integrating out any of the auxiliary helds, and this provides some 
hope for the absence of BD ghosts. We expect the problems we identify, however, 
to generically appear in modihcations to the Einstein-Hilbert structure in hrst order 
form. Other kinds of interactions, without the wedge structure, will only have further 
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opportunities for new degrees of freedom to arise and are thus not considered. 

In what follows we shall present two different proofs of the existence of the ghost 
or more precisely additional degrees of freedom in these terms. Each presents a slightly 
different perspective on the problem. 

i. We shall hrst show that in the Stiickelberg language in the decoupling limit, new 
degrees of freedom can arise from the Lorentz Stiickelberg helds. 

ii. We then perform a full ADM analysis in the Stiickelberg language for perturba¬ 
tions around an arbitrary background, and show that the remaining theory has 
new degrees of freedom due simply to an enlarged phase space symplectic form. 
Since all constraints are hrst class there are none of the subtleties of the usual 
ghost-free proofs. 

Separately we sketch how the counting of the number of degrees of freedom works in 
unitary gauge and various other gauges. 

The rest of the manuscript is organized as follows: In section 2 we present the 
best candidates for new kinetic terms in hrst order form and sketch out the source of 
the problem. We then perform a decoupling limit analysis in section 3 where the new 
degrees of freedom with their associated scales are emphasized. The counting of the 
degrees of freedom is also performed in other gauges in section 4. The full phase space 
counting is performed in section 5 where we show that the new kinetic terms leads to 
a least hve additional conhguration space degrees of freedom. We hnally summarize 
our results in section 6. 

To support our arguments we review how the symmetric vielbein condition arises 
in massive gravity in appendix A and we present the phase space counting in ap¬ 
pendix B. Finally we present an explicit unitary gauge perturbative ADM analysis in 
appendix C. 

2 New Kinetic Terms in first order form and origin of new 
degrees of freedom 

In the absence of couplings to matter, any hrst order formulation which does not in¬ 
clude new degrees of freedom must be equivalent to the metric formulation since it is 
always possible to integrate out or gauge hx the additional variables. For this reason 
the proof of absence of new kinetic terms in the metric formulation [44] already rules 
out the absence of new kinetic terms (modulo coupling to matter) in the vielbein for¬ 
malism. Nevertheless, it is useful to perform an analysis directly in hrst order form to 
see where the problems arise. 

Let us consider the following candidate new kinetic terms in four dimensions 
f 

^ = ^abcciR[oor^ A (e“ A e' + 2re“ A /' + (r^ + k) T A f) , (2.1) 
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where r and k are two dimensionless parameters. As already mentioned, any new 
kinetic term which does not preserve the form strncture will break the linearity in the 
shift and the lapse already before integrating out the auxiliary variables and will only 
make the problems we face even worse. In this sense the candidate (2.1) is the best hope 
for the new kinetic terms. Clearly if k = 0, this term is a linear held redehnition from 
the Einstein-Hilbert term and should be healthy at least in the absence of couplings 
to matter. Therefore any potential issue arising from (2.1) should be solely carried by 
K. This also means that there is no equivalent to the interaction carried by k in less 
than four dimensions. 

2.1 Equation of motion for oo 

First let us work in unitary gauge /“ = 1“, {i.e. = <5^“). Then varying with respect 

to CO yields the equation 

[(de“ + a;“* A e") A e'’ + kco^^ A f A f] - [a ^ b] = 0 , (2.2) 

where 

e“ = e“ + r/“ . (2.3) 

When K = 0, the theory is held redehnable to GR and we recover the normal torsion 
free condition. When k ^ 0 we obtain a non-trivial modihcation to the torsion free 
condition leading to a quite diherent expression for u. This diherence will be the root 
of the problems. Solving for u and substituting back into the action, we obtain a La- 
grangian which contains terms quadratic in time derivatives of e A (with i = 1, • • • ,3 
and a = 0, • • • ,3). 

For K = 0, the kinetic term has a local Lorentz symmetry which implies that 
only 6 out of the 12 eA have an independent momentum conjugate. In the case of the 
modihed kinetic term (k 7 ^ 0 ), there is no obstruction to all 12 eA having a kinetic 
term leading to potentially 6 extra degrees of freedom and we hnd that indeed all 12 
e“ have a kinetic term meaning that there is a signihcant enlargement of the phase 
space (see appendix C for an explicit calculation). Note that this discussion is quite 
independent of the usual one of whether the lapse and shift continue to impose the 
constraint that removes the BD ghost. 

2.2 Re—emergence of ghosts: Sketch of the problem 

For massive gravity with a Minkowski reference metric, in the Stiickelberg formulation 
we can express the vielbein as 

f; = A\d,ct>^ (2.4) 

or /“ = A“bd0^, where K°‘b = {e^Yb are the Lorentz Stuckelberg helds. The problem 
with ( 2 . 1 ) may now be seen in a number of different ways depending on the order of 
integrating out: 
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1. Integrating ont ^ab 

If we first chose to integrate out the spin connection 0 ;“^, which enters quadrati- 
cally and whose equation is algebraic, then it is necessary to first take the deriva¬ 
tive off of 0 ;“^ in R[u}Y^ by integration by parts which will mean that both e and 
/ pick up derivatives. The derivatives acting on / give 

d/“ = dA“b A d^'’. (2.5) 

The resulting action will necessarily contain terms quadratic in dA“f, which due 
to the form of the solution for u will not be simply wedge products. As such 
the resulting equation of motion for A will contain derivatives. This implies that 
A are no longer non-dynamical fields. Inevitably this will lead to additional 
degrees of freedom unless it can be shown that these higher derivative terms can 
be removed with a held redehnition, meaning that they are redundant operators. 
This is of course the special case k = 0. 

2. Integrating out A^ first: 

An analogous problem can be seen by performing this calculation in the opposite 
order. If we hrst derive the equation of motion for A (which requires including the 
mass terms) then this gives the equation which usually determines the symmetric 
vielbein condition between the two vielbeins (see appendix A for the standard 
analysis in massive gravity). However in the present case the solution for A 
will depend on i?“^(a;). As in the previous case this implies that the resulting 
action will now contain terms which are non-linear in derivatives of 0 ;“^. Since 
we are already in hrst order form, even terms quadratic in time derivatives of 0 ;“^ 
will imply the need to introduce an associated momentum conjugate and hence 
additional degrees of freedom. Once again the only loop hole in this argument 
is the possibility to do held redehnitions to remove these terms. As it turns out, 
this possibility only occurs when k = 0. 

3. Imposing the Symmetric Vielbein condition from the outset: 

A diherent theory, but one that may also be considered is where we impose the 
symmetric vielbein condition from the outset as a constraint, namely 

riabe^ A /' = 0 . (2.6) 

In four dimensions these are 6 equations which can be solved for the 6 Lorentz 
Stuckelberg helds which generates the square root structure. In fully Stuckelberg 
form /“ will depend nontrivially on d0“ through the square root. The problem, 
now is as before, integrating out the spin-connection will necessarily generate 
derivatives acting on /“ and hence additional derivatives on the 0“ which are not 
of the form structure. Once again we would infer from these higher derivatives 
the existence of additional degrees of freedom, unless they are removable with a 
held redehnition. However in this case, we already fall under the umbrella of the 
proof given in [44]. 
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2.3 Unitary gauge argument: Modification of symmetric vielbein condi¬ 
tion 


If we work in unitary gauge, /“ = 1“, then the problem of additional degrees of freedom 
can be understood as arising from the fact that the usual symmetric vielbein condition, 
which is a non-dynamical condition which fixed 6 of the e^“, becomes now a dynamical 
equation for at least some of those 6. As we have already discussed, the symmetric 
vielbein condition is not a condition that should be imposed but is one that follows 
from the equations of motion. It is easiest to derive it by introducing the Lorentz 
Stiickelberg fields in /“, and looking for their equation of motion. Expressed entirely 
in unitary gauge, the resulting generalization of the symmetric vielbein condition takes 
the form 


Vacfu 


dC 


Vbcfu 


dC 


(2.7) 


5 // ' 5 // 

Now in the absence of the new kinetic terms, only the mass term contributes to this 
equation and so we get a non-dynamical equation for 6 of the components of e^“. In 
the presence of the new kinetic terms we see this equation includes terms linear in the 
curvature R°‘^{u}). At the same time, the spin connection is no longer the usual GR 
one but is a modified function which will generically depend on time derivatives of all 
12 ej“. That this is the case can be seen more easily in the Stiickelberg form where the 
solution for oj will explicitly depend on dA“b. Regardless, this implies that generically 
R{u) will contain double time derivatives of those 6 degrees of freedom (captured by 
A“b) which were previously non dynamical. In other words the symmetric vielbein 
condition has now become a dynamical equation for some number of the 6 degrees of 
freedom it previously constrained. 


3 Decoupling limit of New Kinetic Term 

3.1 New contribution in the decoupling limit 

The problems stated previously can already be seen in the decoupling limit of the 
above action. In the decoupling limit we choose to scale all the fields by their natural 
canonical normalization for fluctuations around Minkowski spacetime. The decoupling 
limit scaling is such that R[u]/m‘^ remains finite, i.e. the Vainshtein radius remains 
finite. In four dimensions this corresponds to sending m ^ 0, keeping A^ = m^Mpi 
fixed. One slight difference with the usual decoupling limit derivation is we must 
account for the fact that the form of the action remains the same under the replace¬ 
ment e e + cf, with arbitrary parameter c. This leads to an apparent ambiguity 
in how we choose to perform the decoupling limit. This ambiguity is resolved by en¬ 
suring the recovery of the correct form of the action for fluctuations around Minkowski. 

To anticipate this ambiguity lets us define e = e + cf where c is at present 
arbitrary. In terms of e we choose to take the decoupling limit in terms of this vielbein 




for which the action is 


r 

A (e^ A e" + Af + A f) , (3.1) 

where a = 2(c + r), [3 = (c + r)^ + k. We then proceed as usnal by dehning the 
canonically normalized helds [35] 


= 


^ab 


Mpi 

1 


/i“\ 


mMpi 


Aa 6 ) 


mMpi A3 


e“ = 1“ + 


1 


M, 


PI 


(3.2) 

(3.3) 

(3.4) 

(3.5) 


In addition we should choose to scale the potentially new kinetic interaction parameters 
a and f3 in such a way that the leading non-zero interaction arises from each term. 
The correct scaling that leads to a hnite non-zero action from each term is 


a = ma (3.6) 

13 = m/3. (3.7) 


The new terms that arise in the decoupling limit are then simply 

^new = &j Sabcd d/i“' A T A + dA'"^ (3.8) 

+ 2/3 y Sahcd^lR^ A + —d^'^TT^ A ^A'^e(l^ + + dA'^^ , 

which on integration by parts gives 

S'new = “ y SabcdiR’' A I"" A dA'^e A (3.9) 

+ 2/3 y SabcdtR^ A A dA'^e A • 


As usual the decoupling limit can be chosen so that the fluctuations around Minkowski 
have the usual behavior. In this case we choose a = —2/3 in order to ensure no 
contribution from the new kinetic term at quadratic order. This hxes c to be the 
solution of 


2 (c + r) = —2(c + tY — 2fi; 
With this choice the new kinetic term is 

*5*new d 


SabcdlR'" A ( ^d5% ) A dA e A I r + —dd'^TT 


1 

A3' 


(3.10) 


(3.11) 
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Taken together with the usual decoupling limit action, we may now integrate the spin- 
connection, which will clearly generate terms with time derivatives of A“^. However 
regardless of the value for c, as long as k 7^ 0, there is no choice for c for which there 
is no contribution from these two terms in the decoupling limit. 

3.2 Phase space counting of deconpling limit theory 

In order to anticipate our future calculation, let us perform a phase space counting 
of the degrees of freedom already in the decoupling limit in this form. We refer to 
appendix B for the general phase space counting. 

The decoupling limit symmetries are 

• linear diffs (4) 

n“^n“ + d^“. (3.12) 

• linear local Lorentz transformations (6) 

^ab ^ ^ab ^ ^ (3.13) 

+ (3.14) 

where is antisymmetric. 

• linear 17(1) (1) 

H^H + dy. (3.15) 

In the absence of the new kinetic terms the phase space form comes from the EH 
term expanded to second order 

S'eh = I 2eabcd 1“ A A + eabcd^^^ A 1^ A /i“ A /i/ , (3.16) 

as well as the contributions from the usual mass terms which provide the kinetic terms 
for and vr [35]. Due to the manifest 17(1) symmetry, only 3 of the four are dy¬ 
namical with 3 of the Lorentz Stiickelberg helds 7“^, acting as their conjugate momenta. 
71 on the other hand enters the decoupling limit action in this form with double time 
derivatives, and so we should at this stage introduce additional phase space variables 
of momenta conjugate to tt to reduce the action entirely to hrst order form. 

The normal counting of phase space degrees of freedom proceeds as follows, Hq, 
and Vq are the Lagrange multipliers which generate the above symmetries, the 
phase space is composed of 12 vf conjugate to 12 of the /i“^. 3 Ai and their associated 
momentum conjugate which are 3 (the boosts) of the A^, 1 vr and its momentum conju¬ 
gate P^. 6 of the remaining (those of the form where i and k are distinct) and 
the remaining 3 Lorentz Stiickelberg helds (the rotations) Xab are auxiliary helds which 
may be integrated out. Since all of the constraints are associated with symmetries, 
i.e. are hrst class, we are guaranteed that these auxiliary fields may be integrated out 
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in a way which preserves the eonstraints. This follows simply from the fact that we 
know the Lagrangian is invariant under the symmetry, and so their must be constraints 
that generate this symmetry which can be written entirely in terms of the phase space 
variables. 

As a result the hnal counting of phase space degrees of freedom is 

2x(12 + 3 + l)-2x(4 + 6 + l) = 2x5. (3.17) 

Now with the addition of the new kinetic term, we have a contribution to the 
phase space measure that includes some components of and the 6 with i ^ k m 
conjugate pairs. Since the rotation part of the Lorentz Stiickelberg helds and the 6 
were previous auxiliary, the phase space is now larger. Specihcally there appears to be 
at least 2x3 phase space degrees of freedom larger. However there are no additional 
symmetries in the system and so there appear to be 3 extra conhguration degrees of 
freedom corresponding to the Lorentz rotations becoming dynamical: 

2x(12 + 3 + l + 3 + ...)-2x(4 + 6 + l)=2x(8 + ...). (3.18) 

Thus this is not a problem of the BD ghost (which has to do with the kinetic term for tt), 
but rather distinct set of helds which are inhnitely strong coupling around Minkowski 
spacetime. Indeed the BD ghost continues to be absent since this is associated with 
the U{1) symmetry. 

4 Counting Degrees of Freedom in Different Gauges 

The previous decoupling limit argument which indicated the existence of at least ^ 
3 additional degrees of freedom coming from the Lorentz Stiickelberg helds can be 
extended to the full nonlinear theory. We shall see how this counting can arise from 4 
points of view: 

(a) a unitary gauge ADM analysis, 

(b) a Lorentz Stuckelberg analysis, 

(c) a diheomorphism Stuckelberg analysis, 

(d) and hnally a full Lorentz plus diheomorphism Stuckelberg analysis. 

For reasons that will become clear the latter approach is most convenient, despite the 
large number of phase space variables, in that no second class constraints arise. 

^We say ‘at least’ since there may exist further degrees of freedom whose contribution vanishes in 
the decoupling limit. 
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4.1 Unitary gauge counting of degrees of freedom 

If we work in unitary gauge, then the 16 components of the vierbein may be naturally 
split up into the four Cg", which encode the lapse and shift, and the 12 Starting 
from the general form of the new kinetic terms 

S = j SabcdR^^Y’^ A [e^ A e'^ + 2re'^ A /'^ + A /‘^) , (4-1) 

we may integrate out the spin-connection, whose equation of motion is algebraic, to 
reduce the kinetic term to something quadratic in derivatives of e°‘. Schematically 
this will have the form 

C 

j + ... (4.2) 

We show explicitly in Appendix C that for k 7 ^ 0 the 12 x 12 matrix U\b has rank 12 . 
This means that all 12 components of eA have a non-zero kinetic term. We may thus 
define a momentum conjugate to each of them and invert this relation to put the 
action in first order form 

S = ji'x P-J -W(e,\P\). (4.3) 

This could have been equivalently obtained by recognizing that 12 of the components 
of the spin-connection were conjugate to 12 of the e A and the remaining 6 components 
can be integrated out as auxiliary fields. However crucially the form structure of the 
original theory ensures that the first order form is manifestly linear in Cq^. Consequently 
we will have 4 second class primary constraints which naively reduce the phase space 
counting to 

2 X (12)-4 = 2 X 10 , (4.4) 

which are the usual 5 of the massive graviton and an additional 5 out of the 6 Lorentz 
boosts and rotations which encode the difference between the vielbein and metric. At 
this point is necessary to check whether the primary constraints lead to secondary 
constraints. If they do not then we have 5 additional degrees of freedom, rather than 
the 1 of the usual BD problem. If they do lead to secondary constraints then the 
maximum number of secondaries we can have is 4 leading to 

2 X (12) - 2 X 4 = 2 X 8 . (4.5) 

This is the counting suggested by the decoupling limit. We may further worry about 
the potential existence of tertiary constraints, however we shall demonstrate below by 
different means that tertiary constraints never arise. Thus the minimum number of 
degrees of freedom is 8 which is 3 too many. This is consistent with the decoupling 
limit calculation. 
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4.2 Lorentz Stiickelberg counting of degrees of freedom 

A slightly different counting can be achieved by introducing Lorentz Stuckelberg helds 
(but not diff Stuckelberg helds), by replacing /“ with In this case it is easiest 

not to integrate out the the spin-connection but to keep it as part of the phase space. 
The phase space symplectic form now depends on the 12 6^“, the 6 A“^ and the 18 
There thus appear to be 2 x 18 phase space degrees of freedom. In addition now we 
have 6 local Lorentz symmetries whose constraints are the coefficients of uJq^. Finally 
we still have Cq® generating 4 second class primary constraints. Thus the counting of 
degrees of freedom is 

2x18-2x6-4 = 2x10 (4.6) 

i.e. 10 = 5 + 5 degrees of freedom as before. Once again it is necessary to check 
whether the primary constraints lead to secondary ones. If ah 4 do we would be left 
with 8 degrees of freedom. 

4.3 Diffeomorphism Stuckelberg counting of degrees of freedom 

The previously identihed second class constraints can be made hrst class by introducing 
diffeomorphism Stuckelberg helds Let us now consider the form of the action in 
which /“ = d0“ so we have diffeomorphism invariance but not local Lorentz invariance. 
Working in hrst order form, the total set of phase variables are the 12 6^“, the 4 0“ 
and the 18 By inspecting the symplectic form we see that 16 of the will be 
momenta conjugate to the 16 6^“, This leaves 2 non-dynamical. However these 
will be hxed by 2 of the second class constraints generated by leaving behind 4 
second class constraints. The constraints generated by are now hrst class since they 
are just those associated with diheomorphism invariance. The counting is then 

2x12 + 2x4-2x4-4 = 2x10. (4.7) 

In this formulation it is the 4 remaining second class constraints associated with 
that may lead to secondary constraints which once again reduce the system to at least 
8 given the absence of tertiary constraints. 

4.4 Fully Stuckelberg formalism counting of degrees of freedom 

Finally let us see how this works in the fully ‘Stuckelberg-ized’ form for which /“ = 
A“j,d(/)^ and we treat the spin-connection as an independent variable. The total phase 
space symplectic form is build out of 18 a;“^, 12 6^“, 4 0“ and 6 A“j,. Assuming this 
symplectic form is invertible in this 40 dimensional phase space, and given that 
and generate 4 + 6 hrst class symmetries (dihs plus local Lorentz), so that there 
are no secondary constraints, then the counting is 

(18 + 12 + 4 + 6) -2 X (4 + 6) = 2 X 10. (4.8) 

Thus the fully Stuckelberg version has the advantage over all the other approaches 
that there are no second class constraints to worry about. However we have assumed 
that the symplectic form in the 40 dimensional phase space is invertible. This is not 
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necessarily the case and it could be that some number of the 40 variables do not enter 
independently in the symplectic form. At a minimum however we will see that all 18 
ujf' admit an independent momentum conjugate. This means that the phase space is 
at least 36 dimensional. Since all the constraints are hrst class we are again guaranteed 
that all auxiliary variables can be integrated out without spoiling the constraints. Thus 
the minimum number of degrees of freedom is 

2xl8-2x(4 + 6)=2x8. (4.9) 

This conhrms that there can be no tertiary constraints and is once again consistent 
with the result in the decoupling limit. 

5 Phase Space for New Kinetic Terms 

It is our claim that the new kinetic terms for a massive graviton lead to a minimum 
of 3 and generically 5 additional conhguration space degrees of freedom, i. e. a total of 
10 = 5 + 5. We shall now conhrm this as follows: 

• We work in the fully Stiickelberg form in which /“ = A“^d(/)^. 

• We perturb around a specihc background and conhrm that there are at least 
36 and generically 40 independent variables entering the phase space symplectic 
form. 

• Given the manifest local Lorentz and diff symmetries the total number of degrees 
of freedom around this background are at least 36 —2x10 = 2x8 and generically 
40 — 2 X 10 = 2 X 10, conhrming the minimum 8 implied by the decoupling limit 
analysis but also showing that there are 2 additional degrees of freedom that do 
not arise in the decoupling limit. 

To reiterate, we begin with the following fully ‘Stiickelberg-ized’ form of the action 

A + 2re'^ A d^'^j (5.1) 

+ (r^ + k) d0-^ A g • 

For simplicity we will switch off the mass terms since these can never cancel additional 
degrees of freedom which may already arise from the kinetic term. 

Without loss of generality, we choose to expand around a background which takes 
the following form in unitary gauge 

e“ = e“ + (5.2) 

^ab ^ -ah ^ ^ah ^5 3 ^ 

+ A“ (5.4) 

A“, = 0 + A“,. (5.5) 


F = 


Mil 


eabcdR[ujT’' A 
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Perturbing the action to quadratic order and focusing only on those terms which can 
enter in the phase space symplectic form, i.e. those terms with at least one time 
derivative 


^( 2 ) = 


M, 


PI 


^abcd d/i“^ A 2{e^ + rl^) Av^ + 2re'^ A + 2(r^ + k)1^ A 


+ 2re" A dA'^ + 2 {t'^ + k)!" A dAl'^ 

eabcdR[AT'' A [2re" A X'^^dA^ + 2 {t^ + k)!" A X^jdA^ 


Mh 


+ 2{t^ + a dAl'^ + (r^ + K)dAP A dAl'^ + non derivative terms . (5.6) 


Note that the term d/i“^ A 2(r^ + k)!'^ A dA^ is a total derivative and may be removed 
for the purposes of counting the number of degrees of freedom. 


This full expression is still quite complicated, however since the counting of phase 
space degrees of freedom is local, it may be performed in the vicinity of any point x. 
In order to get a feel for the answer let us temporarily focus on a special case. We can 
always add a matter source^ so that in the vicinity of a single point x the background 
satishes 

R[oj]<^\x) = 0 + 0{x ^), (5.7) 

then at a minimum the number of degrees of freedom will be determined by the hrst 
part 


^[2) = 


M, 


PI 


eabcddfi^^ A 2(e‘= + r^) Av^ + 2tA A A'^T^ + 2(r^ + k)!^ A X^A^ 


+ 2tR a dAl'^ + 2{t^ + k)!" a dAl'^ 


(5.8) 


Integrating by parts to remove the derivatives on A'^ and using the fact that d^ = 0 

eabcdd/i“^ A 2(e‘^ + rl^) A + 2tA A X'^jl^ + 2(r^ + k) 1^ A 
+ 2rde^ A Al'^l . (5.9) 


c/ _^^P1 
*^( 2 ) - 


Further keeping track of only those terms with time derivatives and integrating by 
parts to put all time derivatives on /i“^ this action reduces to 


S 


( 2 ) 



KM< -4“. W) + + A„c + A-s'c.,, 


(5.10) 


where A°‘, A“^) are the 18 momenta conjugate to the 18 and Ca, C, Cab the 

constraints. The ‘would be’ U{1) symmetry associated by with C is broken by the 

^This could be achieved by looking at a background where w = A“^dA but here we are not even 
saying that the background has zero curvature since the condition (5.7) is only required in the vicinity 
of a single point of spacetime. 
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non-derivative terms, in particular the mass terms, and so C is not a true constraint. 
On the other hand Ca and Cab are the hrst class constraints associated with linearized 
diffeomorphism and local Lorentz transformations. 

Now the crucial point is that the 18 are a complicated background-dependent 
linear combination of the 22 variables vf, A°‘, X\. Furthermore these linear combina¬ 
tions depend on the background dependent variables 6 ^“ (12) and (de“)jj (24). It is 
thus straightforward to see that generically these 18 P“^ are linearly independent. For 
instance, we already know from the results of Appendix C that all 12 vf are conjugate 
to 12 of the nf’. For generic values of (de“)jj then the 4 A“ may be made conjugate to 
4 additional nf'. We then require only that e°' may be chosen so that 2 of the are 
conjugate to the remaining 2 linearly independent nf’. Thus the phase space (/i“^, P^^) 
has at least 36 dimensions. It is guaranteed that the remaining 4 of the (n“, A“, A“^) 
can be integrated out without losing the constraints Ca and Cab by virtue of the gauge 
invariance of the Lagrangian. 

Special case k = 0 

Once again, the special case k = 0, r 7 ^ 0 is exceptional, since then in the absence of 
matter couplings we know that the terms with X°'b and dA“ can be removed with a 
held redehnition. It is easy to see that this is the only case for which this is true, and 
this is conhrmed concretely in Appendix C where we hnd that the dimension of the 
phase space in unitary gauge changes as soon as k 7 ^ 0, see eq. (C.7), where no prior 
knowledge of the held redehnition is needed. 


Special case r = 0, 

As an example of the more generic case we may consider the special choice r = 0, 
K 7 ^ 0 for which 

^(' 2 ) = ^ / d/i^' A (2P Av^ + 2 kC a A'"^!^) . (5.11) 

This is particular simple in that A“ does not enter, only the 12-1-6 variables eA and 
X\. There is more than enough freedom in the 12 background functions eA to ensure 
that all 12-1-6 variables enter independently and are conjugate to the 18 fif'. Thus at 
least for perturbations around a point for which P[ci}]“^(x) = 0 -|- it is the 4 A“ 

which are auxiliary and may be integrated out. 

Let us now consider what happens when P[ci}]“^ 7 ^ 0 or when the contribution from 
the mass terms is taken into account. Then it is easy to see that the full 40 dimensions of 
the phase space active. The salient point is the presence of the term +K)eabcdR[C]°'’^ A 
dA'^ A dA*^. This may be integrated by parts into (r^ -|- K)ea 6 cddP[a}]“^ A dA'^A'^ and for 
generic backgrounds for which dP[a}]“^ 7 ^ 0 implies that the previously auxiliary A“ 
enter the phase space symplectic form, and from this term alone we see that effectively 
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two of the act as momentum conjugate to the other 2. Hence the total phase space 
dimension is 40 and so the hnal count is 

40-2x10 = 2x10. (5.12) 

Although we just made this argument for r = 0, it is clear that generically the same 
will be true for r 7 ^ 0 since the number of degrees of freedom cannot decrease, except 
for special degenerate points at which the perturbations will be inhnitely strong cou¬ 
pled. 


To reiterate, from the point of view of the unitary gauge and other gauge cal¬ 
culations, what we have excluded is the possible existence of secondary and tertiary 
constraints. By working in full Stiickelberg form, we have promoted all constraints to 
be hrst class and hence avoided the need to perform a cumbersome Dirac constraint 
analysis. 

6 Outlook 

At this point there are now a powerful set of results that indicate that the kinetic inter¬ 
actions of a massive spin-2 particle must take the form of the Einstein-Hilbert action 
(up to held redehnitions), even though the mass term explicitly breaks diffeomorphism 
invariance. In the metric language, a BD ghost was shown to be always present for 
kinetic terms other than the Einstein-Hilbert one in [44]. 

In this paper we extend these considerations to the (unconstrained) vielbein for¬ 
malism, and analyze the most promising candidate kinetic terms which are free of the 
BD ghost (in the absence of matter coupling). For these candidates, we identihed 
a qualitatively new source of unhealthy degrees of freedom separate from the stan¬ 
dard BD ghost problem that have no metric counterpart. Specihcally those degrees 
of freedom associated with the broken local Lorentz symmetry may become dynam¬ 
ical. For the choice of kinetic term we have considered generically 5 of the Lorentz 
boosts/rotations become dynamical. Although we have not exhausted the analysis, we 
fully anticipate that more general choices of kinetic terms will only be worse, poten¬ 
tially exciting all 6 Lorentz boosts/rotations and the BD ghost. Our results indicate 
that any consistent set of interactions for a massive graviton must have a representa¬ 
tion in the metric language or fall afoul of the problems we have identihed. 

Some number of these new degrees of freedom manifest themselves already in the 
A decoupling limit, if the coefficients of the new kinetic terms are scaled appropriately 
(order unity times mMpJ. Then at best they can be considered within the context 
of an EFT expansion, where the cutoff is A, and as such they will spoil the standard 
realization of the Vainshtein mechanism. Alternatively, the coefficient of these oper¬ 
ators may be chosen to be smaller, so that they do not arise in the decoupling limit, 
and hence the masses of the new degrees of freedom are above A, but then these new 
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kinetic terms will be unimportant for any phenomenology. 


These arguments extend to multi-gravity theories (and higher dimensions) where 
the problem multiples due to the increasing number of Lorentz Stiickelberg helds (and 
their number of components), i.e. the increasing number of broken local Lorentz 
symmetries. 
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A Review of symmetric vielbein condition in massive gravity 

In massive gravity with the Einstein-Hilbert kinetic term, the symmetric vielbein 
(Deser-Van Nieuwenhuizen) condition arises as a consequence of the equations of mo¬ 
tion. This can be seen already in unitary gauge, and is due to the fact that the EH 
kinetic term is invariant under local Lorentz transformations, but the mass term is 
not. As a consequence varying the Lorentz part of the vielbein will give an equation 
which arises entirely from the mass term and hence is non-dynamical. For all choices 
of mass terms, this equation is solved by the symmetric-vielbein condition^. 

To see this more clearly we follow the argument of [35] which introduces ex¬ 
plicit Stiickelberg helds for the local Lorentz symmetry. We introduce the Lorentz 
Stiickelberg helds through the reference vielbein / as 

(A.i) 

then we can write the mass term in the generating function form 

( 1 On \ 

det(e + M/) • (A.2) 

,L / 

The equation of motion for the Lorentz Stiickelberg field is then 

( 1 On \ 

/6 • / 

( 1 \ 

^ ^ [{^AA-^t]) r]{Af) (e - 

/6 / 

^There are also disconnected branches of solutions for which the symmetric-vielbein condition does 
not hold (see for example the discussion in [46] . However these branches generically have ghosts and 
are not continuously connected with the massive graviton perturbative vacuum, hence we disregard 
them from the outset. 


= 0, (A.3) 

= 0. (A.4) 
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Because 6AA~^r] is antisymmetric by virtue of the properties of Lorentz transforma¬ 
tions, what it multiplies in the trace must be symmetric. We can show that this reduces 
to the /i independent equation 

(A/)V = , (A.5) 

which on returning to unitary gauge A = 1 is just the symmetric vielbein condition 

Vabe'^^ft = . (A.6) 

Note that the crucial property that the variation 6A factors from the rest of the mass 
term, leading to a /i independent condition (which is therefore independent of the 
parameters in the potential). 

B Phase space counting in first order form 

In this appendix we review the standard phase space counting for (massive) gravity 
in hrst order form with the usual EH kinetic term. The action for standard massive 
gravity in D = 4 dimensions is 

/lf2 f 

S = ^ ^abcd {R[oor^ A 6 ^= A e'" + m2(cie“ A e' A e‘= A /" + • • •)) , (B.l) 

where / is a hxed reference vielbein, and where 

+ Au;"^ (B.2) 

In hrst order form we treat and e“ as independent helds. It is important to keep 
track of how many of each held is present: in 4 dimensions there are 16 helds and 
24 0 ;“^ helds. 

2.1 Phase space measure for perturbations around a background in locally 
inertial frame 

For the purpose of understanding the kinetic structure it will be useful to consider the 
Einstein-Hilbert kinetic structure perturbed to quadratic order around an arbitrary 
background. More precisely, we perturb 

e“ = e;: + u“ 

< = < + A? • (B.3) 

We work in a locally inertial frame (LIE), where in the vicinity of a point x we may 
use local dihs and Lorentz to impose = 5“. Note that even though the vielbein 
is diagonal, we should allow the derivatives of the vielbein, and the background spin 
connection, to be arbitrary. Then the Einstein Hilbert term gives rise to the following 
symplectic structure 

SabcdD^R'" A u'" A e'^ Sabcde"^'" 

= + A™ 

= V ], (B.4) 
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where D is the covariant derivative with respect to the background. There are 18 
helds. Of them, 12 appear in the phase space measure: all 9 helds of the form /i®°, as 
well as 3 ‘trace helds’ fi/ . The remaining 6 auxiliary helds are of the form where 
i and k are distinct. Thus the trick of going to a LIF allows us to cleanly identify who 
are the non-dynamical parts of the spin-connection. 

2.2 Counting for GR 

As a warm up, let us hrst consider the counting when we set m = 0. The symplectic 
form is determined by 

O = Eabcddu'^'' A e'’ A e'’*. (B.5) 

Since there are only 12 e^’s, then only 12 of the ujf’^ independently contribute to the 
symplectic form, the remaining 6 are non-dynamical, i.e. auxiliary helds which should 
be integrated out. Then there are 

(eT,Ci;“^) —)■ 2 X 12 naive phase space dofs. (B.6) 

In addition, there are some hrst class constraints associated with dihs and LLTs 

Vq generate 4 hrst class constraints 

generate 6 hrst class constraints (B.7) 

The form structure guarantees that it is the 0 components that enter without time 
derivatives and act as lagrange multipliers. Finally, there are the 6 helds of the form 
that are auxiliary and as mentioned can be integrated out. As a result, the hnal 
counting is then 

24 — 2 X (4 + 6) = 2 X 2 phase space dofs (B.8) 

which is correct for GR. 

2.3 Integrating ont auxiliary spin—connection and Lorentz constraint 

In the above counting we used the fact that 6 of the components of the spin-connection 
, are non-dynamical and can be integrated out without spoiling the existence of the 6 
constraints associated with the Lagrange multipliers cJq^. Putting this another way, the 
constraints associated with truly constrain the components of the spin-connection 
which are in the phase space measure. For the Einstein-Hilbert term this may be 
easily verihed by going again in LIF. In order to determine wihich components of the 
spin-connection are hxed by the 6 it is sufficient to look at the quadratic term 


^abcd 6 ^ 

A A udf . 

(B.9) 

Concentrating on the part linear in 

we have 


^ JO 

E-abcE OJq 

^ , 01 , Jc 1 

~ EabcE Cj ^0 + • • • 

(B.IO) 

Then in the locally inertial frame e A = 

we hnd 


2 a;f - 

- 2a;“4^ + ... . 

(B.ll) 
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Thus varying with respect to Uq^ imposes a condition on and varying with respect 
to imposes a condition on eukOjf. Since both of these sets of helds is already in the 
phase space measure, then as promised the constraints truly £x 6 of the phase space 
variables and the additional components of can be safely integrated out. 

2.4 Counting for massive gravity in the Stiickelberg language 

We can now generalize this to standard massive gravity. We will introduce diff 0“ 
and LLT Stiickelberg fields in the reference vielbein /, i.e. /“ —?■ A°'bd(j)^. The 
phase space is now enlarged since the mass term gives a contribution to the symplec- 
tic term that comes from derivatives acting on 0“ and will include dependence on 6^“ 
and A“fe. For the ghost-free mass terms, some combination of 0“ will not be dynamical. 

We thus have a naive phase space 

(eT,a;f)^2xl2 

(0“,A“'’) ^ 2 X 4. (B.12) 

There are 6 as before and 2 that do not appear in the phase space and can be 
eliminated using their non-dynamical equation of motion. Crucially, this can be done 
without introducing new degrees of freedom. 

Then there are first class constraints 

Uq —4 constraints 

/ig^ —)■ 6 constraints. (B.13) 


At this point the counting is 

2 X (12 + 4)-2 X (4 + 6) = 2 X (5 + 1), (B.14) 

corresponding to massive gravity and a BD ghost. 

However, in the case of the ghost-free mass terms, in fact only 3 of the 4 momenta 
conjugate to 0“ are independent. Consequently there are an additional pair of second 
class constraints which remove the BD ghost. In practice this means that only 3 of the 
6 A^, specifically the boosts, act as momenta conjugate to the 3 dynamical 0“. The 
remaining 3 rotations are auxiliary variables which may be integrated out. 

C Unitary Gauge Perturbative ADM analysis 

3.1 Auxiliary variables 

In this appendix we show explicitly that as soon as k ^ 0 the size of the unconstrained 
phase space in unitary gauge is increased from 12 to 24. This is the root of the problem 
of additional degrees of freedom in unitary gauge. We will utilize a perturbative ap¬ 
proach which is sufficient to prove the point. When working in unitary gauge = 5“, 
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it is useful to start with the same formalism as that developed by Hinterbichler and 
Rosen in [31] and express the vielbein as a Lorentz boost on an upper triangular matrix, 


/ N'y + Nv°' + (s? + \ 

e “ = / ^ X M , (C.l) 

where 7 is the Lorentz factor 7 = \/l + The 16 components of the vielbein are split 
into the lapse N, the three shift iV*, the three boost vectors n® and the nine spatial 
components of the vielbein e/. The spatial vielbein can also further be split into six 
symmetric vielbein and three rotations - or three antisymmetric vielbein. 


In this formalism we keep the spin-connection as independent and its equation 
of motion is given in (2.2). The strategy is the following: 1. Integrate out the spin- 
connection. We can then check explicitly that the resulting Lagrangian for the kinetic 
term involve no time derivatives, neither on the lapse nor on the shift. Moreover 
the kinetic term is linear in the shift and has the correct dependence on the lapse 
which ensures the primary constraint that removes the BD ghost. However this is not 
sufficient, we then proceed by 2. Determining how many of the vielbein are dynamical. 
For that we can compute the rank of the following twelve-dimensional matrix 


L/j — 


d^C 

dejdej ’ 


(C.2) 


where we use the notation = {ej“}j=i_... ^3 a=o,-", 3 - GR and standard 

massive gravity, the rank of this matrix is six, which means that six of the vielbein are 
auxiliary variables (these are precisely the boosts and rotations). For the candidate 
new kinetic term introduced we will see that the rank of this matrix is larger than six 
as soon as k 7 ^ 0, which implies that some of the Lorentz Stiickelberg are dynamical 
and the phase space is increased. Since these new additional degrees of freedom are 
absent at leading order about Minkowski they correspond to inhnitely strongly coupled 
degrees of freedom. 


This approach is in principle straight-forward but in what follows we solve for 
the spin-connection perturbatively and dehne the perturbed vielbein as follows 

Ar = l + e5iV, N^ = 0 + e6N\ v^ = 0 + e6v\ e/= 6/+ ede/, {C.3) 

where we introduced the parameter e as a way to keep track of the order in perturba¬ 
tions. We will see that at leading and cubic order both the boosts and the rotations 
(which perturbatively are captured by the antisymmetric part of the spatial vielbein) 
remain auxiliary variables. 

3.2 Kinetic Matrix 

We proceed by integrating out the spin-connection and deriving the kinetic matrix 
L/j. To simplify the procedure, we diagonalize the matrix at leading order and denote 
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by U the diagonalization matrix. Then, up to quadratic order in e, the kinetic matrix 
takes the form 


D/j = U-^ L/j U 


f SiAS,B\ ^ f 62 AS 2 B\ 
VO 0 \S2C 62D J 


+ 0{e^) , 


(C.4) 


where all the blocks are 6x6 matrices and where A is diagonal 

~ 4fl + 

^ diag (-2,1,1,1,1,1) . (C.5) 

K + (1 + T)^ 

The negative eigenvalue is associated with the conformal mode which would be a ghost 
if it was not projected out by the Hamiltonian constraint. 

To leading order (he. zeroth order in e in the kinetic matrix), hjj is clearly of 
rank six and the directions associated with its vanishing eigenvalues represent the aux¬ 
iliary variables. They are nothing other than the three boosts n* and the rotations, 
which are captured here by the antisymmetric contributions to the spatial vielbein, 
ttij = — 6 e/. Not only are the n* and Qij not dynamical but they actually fully 

disappear from the whole kinetic structure (at least at that order) and the only place 
they enter is in the mass term from where they impose the symmetric vielbein condi¬ 
tion. Therefore at zeroth order in e the vielbein and metric formulation of this theory 
are the same. Similarly at hrst order in e the kinetic matrix has still six vanishing 
eigenvalues. 


The situation is however dramatically different at higher order in perturbations. 
At quartic order in e in the action, or second order in e in the kinetic matrix, we may 
compute its determinant, using the fact that 

det L/j = (det A) det { 62 D - 6^0 61 B) + 0 {e^^). (C.6) 

An explicit calculation shows that 

det A-' = -32 x (C,7) 

where in the last expression all the indices are spacelike and are raised and lowered 
with respect to 6 ij. The hrst thing to notice is that if k = 0 then the result vanishes 
no matter what r is. This is simply a rehection of the fact that no matter what r is 
(so long as K = 0), the kinetic term is just a held redehnition away from the Einstein- 
Hilbert one and the formalism developed here is fully able to adapt for this without 
needing to set it by hand. However as soon as k = 0, det(L/j) 7 ^ 0 and all the twelve 
vielbein 6 e^°' turn alive already at quartic order in perturbations. 
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